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Abstract. We define the concept of continuum wise expansive for flows, and we prove that 
continuum wise expansive flows on compact metric spaces with topological dimension greater 
than one have positive entropy. 
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1. Introduction 

The notion of expansiveness was introduced in the middle of the twentieth century by 
Utz [Ut| . Expansiveness is a property shared by a large class of dynamical systems exhibiting 
chaotic behavior. Roughly speaking a system is expansive if two orbits cannot remain close to 
each other under the action of the system. This notion is responsible for many chaotic prop¬ 
erties for homeomorphisms defined on compact spaces, see for instance [Hll IHI^ IL^ IFH IVi] 
and references therein, and there is an extensive literature concerning expansive systems. A 
classical result establishes that every hyperbolic /-invariant subset M is expansive. There 
are many variants of the definition of expansiveness, all of them of interest, as positive ex¬ 
pansiveness in [Sc], point-wise expansiveness in [Re] , entropy-expansiveness in |B3j . In |Ma| 
Mane proved that if a compact metric space admits an expansive homeomorphism then its 
topological dimension is finite. In the 90s, Kato introduced the notion of continuum-wise 
expansiveness for homeomorphisms [Klj . and extended the result of Mane for crc-expansive 
homeomorphisms. 

For flows, a seminal work is |BW| . where it is analyzed this concept for flows and it is proved 
that some properties valid for discrete dynamics are also valid for flows. But, the definition 
of expansiveness in [BWj does not admit flows with singularities or equilibrium points. Using 
this definition, Keynes and Sears [KSj extend the results of Marie for expansive flows. They 
proved that if a compact metric space admits an expansive flow then its topological dimension 
is finite. They also proved that expansive flows on manifolds with topological dimension 
greater than 1 have positive entropy. 

The goal of this work is to give a definition of continuum-wise expansiveness for flows, 
cru-expansiveness for short, and extend some of the results already established for discrete 
dynamics for ctc-expansive flows. Our main result establishes that cru-expansive continues 
flows on compact metric spaces with topological dimension greater than 1 have positive en¬ 
tropy, extending to continues dynamics the result of Keynes and Sears. 

Throughout this paper, M denotes a compact metric space. To announce precisely our 
result, let us recall some concepts and definitions already established. 

A flow in M is a family of homemorphisms satisfying X^{x) = x, for all a: G M 

and = X^[X^{x)) for all s, t G M and x G M. A continuum is a compact connected 
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set and it is non-degenerate if it contains more than one point. We denote by C{M) the set 
of all continuum subsets of M. 

Let "HomiM, 0) be the set of homeomorphisms on M fixing the origin and if ^4 is a subset 
of M, C'*^(74, M) denotes the set of real continues maps defined on A. Define 

• 'H(^) = {a : A ^ 0); 3 Xq, E ^ with a{xa) = id^ and E C^{A, M), V t E 

M}; 

• If t E M and a E n{A), Xi{A) = (x); x E A}. 



Definition 1.1. A flow is cw-expansive if for any e > 0 there is a 5 > 0 such that if 
A C M is a continuum and a E 'H(A) satisfies 

diam(A’^(A)) <5, Vt E M, 

then A C X(“^’'^)(xq,). 

Remark 1.2. Note that in the above definition, as a(xQ,) = ids. the orbit 0{xa) guides the 
shearing effect caused by displacement of A by the set of maps in T-L{A). 

Our main result is 

Theorem A. If is a cw-expansive flow and the topological dimension of M is greater than 
1, then the topological entropy of X^ is positive. 

This paper is organized as follows: in Section [2] we prove basic properties satisfied by cw- 
expansive flows; in Section 3 we use Keynes and Sears’s techniques to find good properties 
in cross sections of crc-expansive flows; in Section 4 we introduce the notion of entropy for 
special pairs of cross sections and we relate the entropy of this cross sections with the entropy 
of the flow; in Section 5 we prove our main theorem. 

2. Basic properties of cic-expansive Flows 

Let M be a compact metric space and X* a ctc-expansive flow in M. In this section we 
prove basic results satisfied by X*. Given x E M, let 0{x) = {X*(x), t E M} be the orbit of 
X. A X is a point fixed of X* if 0{x) = {x}. Recall that 0(x) is regular if it is not a unique 
point. 

Lemma 2.1. IF X* is a cw-expansive flow, then each fixed point of X^ is not accumulated 
by regular orbits of X^. 
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Proof. The proof goes by contradiction. Let X^{p) = p for all t G M, and suppose p is 
acumulated by regular orbits. Let e = 1 and let <5 > 0 be the corresponding number satisfying 
the crc-expansive definition. Define 

( t + 1, iff ^ (-2,1) 
h{t) = < 2t, if t G [0,1) . 

[ I, iff G (-2,0) 

By continuity of the flow respect to initial data, there is x € M — {p} such that if \t\ < 3 
then d{X^{x),p) < |. U A = (x), then A is a continuum. For each t G [0,1] define 

/if : M —> M by 

/if = (1 — t)Id + th. 

Now define a : A — )■ ?/om(M, 0) by a{X^{x)) = ht- Then a G T-L{A), Xf^{A) C Bs{x) if 

2 

s G (—2,1) and this set reduces to a unique point if s ^ (—2,1). Therefore, diam(T’^(A)) < 5 
Vs G M, contradicting that X^ is ctc-expansive. 

□ 


Let Sr( 0) = {{xfjfgz; Xf G M and xq = 0}. If A C M define 

SQ{A) = {/3 : A ^ Sr(0); 3 xp such that Id{xj 3 )i —>■ oo when i —>■ oo and 

f3ixjs)i —>■ —oo when i —)> —oo}. 

Let SQ*{A) C SQ{A) so that if /3 G <S(5*(^), then for each i G Z the map 
/f : yl —7> M, fi{a) = j3{a)i is continuous. 

If /? G <Sg*(^) and i G Z define T’*(^) = (x); x G A}. 


Theorem 2.2. Let X^ be a flow without fixed points. The following properties are equivalent: 

(1) X* is cw-expansive; 

(2) V 7? > 0 there is S > 0 so that if A is a continuum and there is a G TL[A) with 
diam(T)(,(y4)) < d Vt G M, then A is an orbit segment inside Bj^ixa); 

(3) Ve > 0 there is S > 0 such that if A is a continuum and exists j3 G SQ*{A), 
with /3(x/3)f+i — flixifli < rj and sup^g^^ |/3(a)f+i — /3(a)f| < 5 Vi G Z, such that 
diam(Tg(yl)) < d Vi G Z, then A C X(“^’^)(x, 3 ). 

Proof. (1) => (3) : Let e > 0 be given and 5 > 0 by crc-expansivity property. Choose rj > 0 
such that 

7? +(2 sup diz,X^{z)))<^-. 

ZGM,\u\<7] ^ 

Suppose X is a continuum and that for some fd G SQ*{A), with /3(x,3)j+i — fl{xp)i < r] and 
supag^ |/3(a)i+i — f3{a)i\ < d Vi G Z, we have diam(T)g(yl)) < rj, \/i G Z. For each a G A 
we define a homeomorphism a{a) by a{a){j3{xjfl)i) = fl{a)i, Vi G Z and by linearity on each 
interval {f3{xjs)i, fl{xi 3 )i^i). Then a G PLiA). 
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Therefore, if = j3{xi3)i, for each t G 

diam(T’|(^)) = sup (a), (6)) 

a,fo€A 

< sup {a),X\x( 3 )) + ci(X*(x^), (6))) 

a,fo€A 

< supd(X^(“)W(a),X*(x^)) +supd(X'(x;3),^^^'’^^*H&))) 

aeA feeA 

= 2sup(i(X*(x;3),f^^^“^^'^(a)). 

aeA 

But, for each a G A we have that 

(i(X*(x^), (a)) < d{X\xi 3 ),X^^ [xf^)) + (x^), (a)) 

< sup d{z,X^{z)) + T]+ sup (z,X“(z)) 

z^M^\u\<r} zGM,\u\<r] 

6 

^ 2 ■ 

Therefore, 

e 

diam(T’|(yl)) < 2- = (5, Vt G M, 

and since X* is crc-expansive we obtain A C X(~‘^’‘^^(x^). 

(3) (1): Let e > 0 be given and (5 > 0 as in item (3). Suppose A C M is a continuum 

such that for some a G 'H(A) it holds diam(T’^(A)) < S Vt G R. By induction, define 
f3 G SQ*{A) by /3(x)o = 0 Vx G vl. Since A is compact there is ti > 0 such that a(x)(ti) < 5 
Vx G A. Define /3(x)i = a(x)(ti). There is L+i > U such that |a(x)(ti+i) — a(x)(L)| < S 
Vx G A, define then /3(x)i+i = a(x)(L+i). We can define /3{x)i for i < 0 similarly. Therefore 
13 G T-LiA), with xp = Xa- By item (3) A C X(“^’^)(xq). 

(1) ^ (2): Since M is compact, \/ri > 0 there is e > 0 such that C B^(x) 

Vx G M. 

( 2 ) ^ (1): Since X^ has no fixed points, Ve > 0 there is 77 > 0 so that diam(X(“^’^)(x)) > rj 

Vx G M. □ 

Recall that if M and N are metric spaces, the flows X^ : M ^ M and : N ^ N are 
conjugate if there is a homeomorphism h : M ^ N mapping orbits of X^ onto orbits of TL 

Theorem 2.3. cw-expansiviness is a conjugacy invariant. 

Proof. Suppose X^ and are conjugate with Y^ crc-expansive. Let h : M -G- N he a 
homeomorphism conjugating X^ to TL Let em > 0 be given and stv > 0 such that if x, y G iV 
satisfies d{x, y) < en, then d{h~^{x), h~^{y)) < em- Let Sn > Ohe the corresponding number 
given by crc-expansivity of Y^ to en and 5m > 0 such that if x,y G M with d{x,y) < 5 m, 
then d{h{x),h{y)) < 5n- Therefore, if Am C M is a continuum and um G 1-L{Am) is such 
that diam.{X^^{AM)) < 5 m Vf G M we get that Aj^ = H^Am) C is a continuum. For every 
X G Am and t G M let aj\f{h{x)){t) be the real number such that if 



CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 


5 


then Furthermore, for every t G M we have: 

diam(>’* (Atv)) = max (x), (y)) 

x,yeAff 

= max 
x,yeAM 


= diam(/i(A’*^(^M))) < Jat, 


because diam(^^^ (74^4-)) < Sm- Since is crc-expansive, Aj\f is an y*-orbit segment inside 
-Bejv(xa^). But Am = h~^{AN), Xaj^ = h{xaM) choice of en imply that Am is a 

X*-orbit segment inside Bi.^{xa]^)-, proving that is crc-expansive. 

□ 


3. Suspensions 

Let (M, d) be a compact metric space and / : M —>■ M a homeomorphism. Let k : M ^ 
be a continuous function. 

Definition 3.1. The suspension of / under k is the flow X* on the space 

^k= IJ {y,t)/{y,Hy))iHy),o) 

0<t<k{y) 

defined for small nonnegative time by X*(y, s) = (t + s), 0 < t + s < k{y). 

Each suspension of / is conjugate to the suspension of / under 1, the constant function 
with value 1. For this reason we shall concentrate on suspensions under the function 1. 

Next, following [BWj . we define a metric on Mi. Suppose that the diameter of M under d 
is less than 1 . 

Consider the subset Mx {t} of Mx [0,1] and let dt denote the metric defined by dt{{y, t), {z, t)) 
(1 — t)d{y,t) + td{f {y), f (z)) , y,z ^ M. Given xi,X 2 G Mi, consider all finite chains 
xi = wo,wi, ...,Wn = X 2 between xi and X 2 where, for each i, either Wi and u>i-|-i belong 
io M X t for some t (in wich case we call [tCjjtCj+i] a horizontal segment) or Wi and wt^i are 
on the same orbit (and then we call \wi,Wi-\.i] a vertical segment). 

Define the length of a chain as the sum of the lengths of its segments, where the length of a 
horizontal segment [wi^Wi+i] is measured in the metric dt if Wi and tt>i-|-i belongs to M x {t}, 
and the length of a vertical segment [tCj,r/;j+i] is the shortest distance between Wi and tCj+i 
along the orbit (ignoring the direction of the orbit) using the usual metric on M. 

If Wi 7 ^ tCj+i and Wi and rcj+i are on the same orbit and on the same set M x {t} then the 
length of the segment [wi,Wi+i] is taken as dt{wi,Wi^i), since this is always less than 1 . 

Then define d{xi,X 2 ) to be the infimum of the lengths of all chains between xi and X 2 . It 
is easy to see that d is a metric on Mi. This metric d gives the topology on Mi. 

Theorem 3.2. Let (j) : Y —)• T be a homeomorphism and f : M ^ M"*" a continuous map. 
The suspension of 4> under f is cw-expansive if and only if f is cw-expansive. 

Proof. We need only show the result when / = 1. Suppose that is ctc-expansive. Let 
^ > e > 0 be given and d > 0 be the corresponding constant determined by ctc-expansivity. 
If A C T is a continuum with {A)) < 5 Vn G Z, denoting Am = A x {0}, and 
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xi = (x, 0), then for all t G M we have: 

diam(X*(74M)) = max d{X^(xi), (yi)) 

- - [t])) 

= max ((l - t+ [t])/i((/>W(x),(/>M(y)) + {t - [t])/j((/>[*!+^(x), (/)W+Hy))). 

x,y£A 

Where [t] is the greatest integer less than t. But since for all x, y G A it holds 
(x), (/)W(y) G 4>^^^{A) and (x), G 


we get 

d\am{X^ (Am)) < (1 — t + [t])(5 + (t — [t])5 = 5. 

Since X^ is crc-expansive, there is (x, 0) such that Am C X(“^’^)(x). Moreover since 0 < e < ^ 
and Am C M x {0} we obtain Am = {(x,0)}, and so A = {x}. Therefore, p is crc-expansive. 
Next suppose that the suspension cj) is crc-expansive. Consider in M the metric given by 

Ax, y) = min{p(x, y), p((/>(x), (/>(y))} 

and let (5 > 0 be the crc-expansivity constant to p'. Let e > 0 and S' = min{5, e, |}. Let 
A C Mf be a continuum and a G 'H{A) so that diamT’^(A) < S' \/t € M. We consider two 
cases: (1) Xq can be represented as (yi, i) and (2) Xa can be represented as (i,yi). 

In the first case, define Am = {a € M; {a, s) £ A com s G (0,1)}. Then 

d\am.{AM) = max p'{y,z) 
y,zeAM 

< max d{{y,s),{z,r)) 

(j/,«),(2x)eA 

= diam(^) < S' < S. 

By definition of suspension we have that X^{xa) has representation ((/)(yi), i), and since 
diamT’^(^) < 5 < | we get that representation {(j){y),s) with s G (0,1) 

Vy G A. So, 


diam{(l>{AM)) = 


< 


max p'{(p{y),(t){z)) 
y,zeAM 


max 

{<l>{y),s),{<l>{z),r)GX^{A) 


d{iAy),s),{<j){z),r)) 


diam(T’Q(yl)) < S' < 5. 


Similarly, di\am{4A{AM)) < S \/n £ 7,. Since p is crc-expanse we get Am = {yi}, and so, every 
point in A has the form (yi,t) with t £ (0, 1). Since (yi, ^) = Xa G ^ and diam(yl) < S' < e, 
we conclude that |t — ^| < e, ie, ^ C X~^'^{xa), finishing the proof in the first case. 

When Xa does not have a representation as (yi, then X^(xq) has representation as (yi, 
for some |r| < Define A = T’^(A) and for each x G vl and t G M set 

d{X'’ {x)){t) = a{x){t + r) — a(x)(r). 



CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 


7 


We have that A is a continuum and a G 9i(A). Moreover, for every t G M, it holds 
diam(A’i(I)) = 

x,yGA 


x,yeA 

= max (x), (y)) 

x,y€A 

= diam(d:’*'^''(A)) < S. 


(X^(y)(A(y)) 


By the first case, we obtain 
and therefore, 

A = X-^A) C 

All together completes the proof of Theorem 13.21 

□ 


4. Pairs of cross-sections families 

In this section we consider a ctc-expansive flow X* on M and define stable and unstable 
sets for subsets A C M. The goal is to extend to this context m Theorem 2.7], establishing 
that locally these sets defined for points of M intersect at a unique point. To do so we use 
the notation introduced by Keynes and Sears in [KS| and start recalling the definition of 
(5-adapted family of cross-sections. 

A set 5 C M is a cross-section of time e > 0 if it is closed and for each x G S we have 
S n X^~^’^\x) = {x}. The interior of S is the set S* = int{X^~^’^'i{S)) D S. 

The proof of the next lemma can be found in [KS] Lemma 2.4] as well in [BWl Lemma 7]. 

Lemma 4.1. There is e > 0 such that for each 5 > t) we can find a pair (<S,T) of finite 
families S = {S'!,..., S'„} and T = {Ti,...,T„} of local cross-sections of time e > 0 and 
diameter at most 5 with Ti C S* (i G {1,..., k}) such that 

/c /c 

M = \J x[0’^l(T,) = IJ xM(ri) = Q = U 

2 = 1 2 = 1 2 = 1 2=1 

Definition 4.2. A pair of families of cross-sections {S, T) as in the previous theorem is called 
6-adequated. 

Given a pair of 5-adequated cross sections (<S, T) let 


k k 

( 1 ) 9 = sup{(5 > 0; Vx € 1^ 5'i it holds X^°’'^)(x) fl S'j = 0} . 

2=1 2=1 

Let p > 0 satisfying 5p < e and 2 p < 9. And for each Si consider D* = {Si) and 

define the projection 

( 2 ) S, 

by Pp{x) = X*(x), were X*(x) G Si for jfj <C p. Let 2 ^ £^0 ^ 0 be such thOit if x, y G Si^ 

d{x^y) < Sq and i is a real number with |t| < 35 and X^{x) G Tj, then X^{y) G Dp. 
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Let (j) : Ui=i '^i Ui=i Ti be the first return map defined as (j){x) = X^{x) where t > 0 is 
the smallest positive number such that X^{x) G Ui=i Note that t G {9,e\. 



Figure 2. 

If X G Tj and y & Si with d{x,y) < Eq let {yQ,...,y^} C Ox{y) such that J/g = y and 
yj = Pp{X^{yj_^)), where t > 0 is the smallest positive time such that (jfi{x) = X^{(jfi' 
and I is such that (fd{x) G Ti. We can continue this construction while d{(ffi{x),yj) < eg. 
Similarly to j < 0. 

The stable and unstable sets of points is defined in the following way. If x G Tj and y < eg, 
the rj-estable set of x is is defined as 

Wp{x) = {y G Si;d{4>\x),yi) < y Vi > 0} 

and the y-instable set of x is defined as 

= {y G Si;d{(l)fix),yi) < y Vi < 0}. 

Theorem 2.7 in m establishes that a flow X^ is expansive if, and only if, given a pair 
(<S, T) J-adequate, there is an y > 0 such that IF,^(x) fl IF“(x) = {x} for every x G lJi'=i 

To extend this result in the context of crc-expansive flows, we first introduce the notion of 
stable and unstable sets of pair of 5-adapted cross sections. For this, let A C Sj and x G Ar\Tj. 
If diamA < ^eg then X^{A) C Dp, where t and i are such that X^{x) = (^(x) G Tj. Define 

cl>{A,x) = {Pi{X\y))-y e A] d Si. 

Fix n G N. If x) is dehned with diam((/)"^(74)) < eg and (/>"(x) G T*, then X^{<jP{A)) G 
Dp, where t and I are such that X^{<ff'{x)) = (lP^^{x) G TK Define 

r+\A,x) = pi{x\r{A)). 

Definition 4.3. For eg > y > 0 define the local stable and unstable sets with respect to 

(r,5) by 

Wp{S,T) = {^ G C'(M); there is x G A such that diam((^"'(A,x)) < y Vn > 0} , 
Wp{S,T) = {^ G there is x G A such that diam((/)”(A, x)) < y Vn < 0} . 

Here, recall that C{M) is the set of compact and connected sets of M. 
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Figure 3. 


Theorem 4.4. A flow X* is cw-expansive if, and only if, given a pair (<S, T) 5-adequate there 
is an r] > 0 such that 

W^is, T) n T) = {Aci M; #A = 1 }. 

Proof. Suppose that X* is cw-expansive. Let a € (0, e) be given and oi > 0 be the cw- 
expansive constant. Let p G (0, Cq) be such that if p G Tj and q G Si, i G A:}, with 

d{p,q) < rj, then d{Xflp), {q)) < ^ where, if X*i(p) = (p(p) and X^flq) = qi, then 
t G [0,ti] and s G [0, si] and |s — t| < |si — ti|. Suppose A C W^(S,T) n PF“(<S,T), and 
let Xs G A he given by the definition of W^(S,T) and Xu be given by the definition of 
W^(S,T) and fix x G Define to = Oj and ti > 0 as the time that X*^(x) G (/)(A, Xg) and 
ti G (ri — p,riA p) with ri the smallest positive time such that 4){xs) = X'’^ (x^). If tn and 
are well defined, we define tn+i as the real positive number such that X*"+i(x) G cpn+iiA, Xg) 
and tn+i G {Y17=i D ~ D + p) with r„+i the smallest positive real number such that 

(/>”'’'^(x®) = X^"+i(i;f)”'(x*)). Similarly, we can define tn for n < 0. For each y G A we can, 
with the same process, find a real number sequence Sn. Define then a{y) by a{y){tn) = Sn 
and linearly on each interval {tn,tn+i). 

Then for each t G M and y G A we have t = tn + cr = Sn + ay, where a G [0,— tn], 
ay G[h, - Sn] and 

]cr-cry\< |(t„+i - tn) - (4-hi -si)], 

for any n G Z. Therefore, 

diam(X*(^)) = max d(X“(?')W (y)^ (^)) 

y,z£A 

< max (d(X“(^)W {y),X\x)) + d(X*(x), X“(^)W (y))) 

y,z&A 

< 2maxd(X^^A{t)fy\xUx)) 

yeA 

< 2y = ai. 

By the choice of oi we have that A C X(““’“)(x), and since a < p and A is inside a cross 
section we conclude that A = {x}. 

To prove the reverse implication, suppose that given a pair {T,S) and p > 0, there is p > 0 
such that 

Wl{S,T) n iy“(5,r) = {AciM-ifA = 1 }. 
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Given £ > 0, let 0 < oi < We shall prove that there is a > 0 such that if 

A C M is a continuum and a € ^{A) with A <f_ then there is t G M such that 

diam(ft’^(A)) > a. For this we split the proof into cases. 

Case 1: A C S G S, with the guide point Xa G T. For each y G vl let to = ■Sq = 0 and if 
i > 0 define U+i = ti + t and = s\ + s where t and s are the smallest positive times such 
that ((/)*(xa)) = (/)®+^(xq,) and = y^^i- Similarly for i < 0. 

Choose So G (0, e — (5 — yo) and positive numbers, 02 < ai, and 03,04 > 0 such that if tt G Tj 
and V G Si then it holds 

(1) d{u,v) < ai implies d{u,X^{v)) > ai for all |t| G [(Jo^e]; 

( 2 ) d{u,v) < 02 implies d{(j){u),vi) < oi; 

(3) d{u,v) > 02 implies d{u,X^{v)) > 03 for all |t| < 5; 

(4) If x,y G M and d{x,y) < then d{X^ (x), X^ (y)) < oi for all |t| < S. 

Let a' = min{o 2 , 03,04}. In this case, we will prove that a' is a crc-expansive constant to X*. 
For this we proceed as follows. 

(a) : Suppose that for each i G Z we have 

sup \a{y){ti) - Si\ < S. 

yeA 

By hypothesis, there is n G Z such that diara (j)^ {A) > y. Take then y G A such that 
d{(p'^{xa),yn) > 2 - Therefore, 

d{X^^{xa),X''"{y)) > I > oi > 02 . 

And by (3) we get 

diamT’‘"(A) > > 03 > o'; 

(b) : Suppose that j G Z is the integer with smallest modulus such that 

sup \a{y){tj) — Sjl > S. 

yeA 

We can assume j > 0. Let y G Abe such that \a{y){tj) — > <5. 

(b.l): Suppose there is i G [0,j) such that 

d{(j)\x),yi) > 02 . 

Since X^”-{xa) and (y) belong to Xj^{A), reasoning as in (a), we get 

diamT‘"(A) > > 03 > o'. 

(b.2): Suppose that for all i G [0,j) we have 

d{(t)\x),yi) < 02 < 01 . 

(b.2.1): Suppose t = — a{y)(tj) > 5. If a{tj) > Sj-i — do; then 

So Si t ^ Sj — 

diamT*^(A) > (x,), 

= d(X*^(x„),x(^^-*)(2/))>oi. 


and by (1) 



CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 


11 


If a{tj) < — 5 we can find t' G (tj-i,tj) such that a{y){t') = — (5o. Then, for 

C = t' — tj-i, ( 1 ) implies that 

>ai. 

Therefore, by (4), 

diam(X*'(A)) > 

= d(Xb-i+C(x,),Xh-i-^°( 2 /))) >04. 

(b.2.2): Suppose t = a{y){tj) — Sj > Sq- Since 

Sj_i + S e la(y)(tj-i), s| + do), 

there is t' € with a{y){t') = sj + ho- Let C, = tj — t'. As d{X*^ (xa), (y)) < 

ai, (4) implies that 

d(AL (x„),X^+'5o(AL"(y))) > ai. 

Therefore, 

diamA’*'(A) > d(X*'(x„), 

= d(XL+f(x„), A^^+'5o(y)) > 04 > o'. 

Case 2: Now suppose that A is not inside a cross-section of S. Since X* is continuous and 
UiLi Ti is compact, we can take hi > 0 and 05 > 0 such that if d{x, y) < 05 then ( 1 ) and (2) 
below holds. 

(1) d{X^{x),X^{y)) < y, where t > 0 is the smallest positive integer such that X*(x) G 
Uti T^, X^{y) = D* (X*(y)) and |t - s| < 

( 2 ) d{X'^(x), X'"(y)) < y, for all |i;| < hi -|- h and \v — w\ < hi. 

Let 06 > 0 be such that if d{x,y) < oe then d{X*'(x), X^'(y)) > uq for |t| G (^,e) and 
\t'\ < h. 

Take 0 < 07 < 05 such that the connected component of 0(x) fl Ba^ that contains X^{x) 
is contained in X(““®’“®)(x). 

Now suppose that A is not contained in X(““®’“®)(xa), and let t be the smallest positive 
time such that X*(xa) G U(Li Li- 

(a): Suppose that \/y € A, |a(i/)(t) — s| < y. Since A is compact there is 0 < h' < y 
such that 

sup \a{y){t -|- t') — s| < — 
yeA 4 

for all |t'| < h'. Define for each y £ A a homeomorphism I3{y){t) = a{y){t' -|- 1 ) — s for 
\t'\ > S', /3{y){0) = 0 and linearly on (0,h'). Thus, for all y £ A, and all \t'\ < S' we 
get 

P{y){t')-t'\ ^ j + '^' < y • 

By (1) and (2), for every |t'| < S' we have 

d{X'+''{xa),X^+^^y'>^''\y)) < 
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(b): Suppose that there exists 1/0 G ^ such that |a(i/o)(^)“'S| > Then |a(i/o)(i) —> 

^ and there is t' < t such that |a(yo)(^0 “ ^^1 = Then, 
diam( 4 '(A)) > 

= d(X*'(x«),X*'±ft(i/o)), 

If d{X^' (xa), ( 2 / 0 )) > 06 ) then we are done. Otherwise, by the choice of oe, we 

get d{xa,yo) > ciQ, which implies that diam(A) > ag. 

Therefore, a = min(o', ae, 07 ) is a ctc-expansive constant to relative to e. 

□ 

Roughly speaking, the next result shows that the local stable and unstable sets of pair 
(5, T) of d-adequate families of cross-sections for ctc-expansive flows behave as local stable and 
unstable sets of points when the flow is expansive, for all points in a continuum A G W^{S, T). 

Theorem 4.5. Let X^ he a cw-expansive flow. Then 

(a) if A ^ 1T®(5,T) then \/x G A, diam((/)"'(^, x)) — 0 when n —)■ -|-oo; 

(b) if A ^ W^{S,T) then '^x € A (Aani{4A{A, x)) —)> 0 when n —)■ — 00 . 

Proof. If (a) is not true then there are A C {S, T), x G A and <5o > 0 so that diam((/)”* {A, x)) 
So for an increasing sequence of integers {nj}. Thus, for each i, there is y(i) G A such 
that d{<j)'^flx),y{i)ni) > Recall that y{i)ni G (fPflA^x). There is no loss assuming 
(jpflx) a G Tj and y{i)ni b G Sj with a b. Since C'(Uf=i'S'*) is compact, [N], we 
can suppose lim„_).oo fPflA, x) ^ B C Sj. Since a,b G B, and a h, B does not reduce to a 
unique point and hence, for a fixed A; G Z we have that 

diam((/!)^(R, a)) = max d{c'l,dt)). 

c,deB 

Fix G cl)^{B,a). Thus, there are sequences of points {c(i)} and {d(i)} in A such 

that c{i)ni —>■ c and d{i)ni —^ d. Since —>■ 4>^{a), [KSl lemma 2.9] implies that 

c(i)^,+fc ^ c% and —)■ df.. Furthermore, since for all i it holds 

d{c{i)n^+k:d{i)f,.^k) < diam((/)^*+^(R,x)) <77, 

we get d{c'j^,df.) < rj and as c, d are arbitrary, we obtain 

diam((/)^(R, a)) < y. 

This is true for every k gT, and hence B G W^(S, 7~)nW^(S, T). This leads to a contradiction 
because X* is crr-expansive and B does not reduce to a point. 

Similarly we prove (b). 

□ 


Theorem 14.51 motivates the following definition. 


Definition 4.6. The stable iy^(<S,T) and unstable VF“(<S,T) sets of a d-adequate pair of 
cross sections (S, T) are defined as 


WflS,r) 


k 

{A G C{M); 3 X G Ar\\^Ti and [A, y) 


0, My G A} 
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k 

W^{S, r) = {A€ C{M )-3 X G ^ n IJ Ti and diam(0’^(^, y) 0, Vy G A}. 

i=l 

Here C{M) is the set of all continuum subsets of M. 

5. Entropy for flows 

In this section we define a notion of topological entropy for d-adequate pairs of cross-sections 
and relate this notion with the topological entropy of the flow. 

Next we review the definition of topological entropy for flows given in |B11 IB2t IB3j . Given 
subsets E, F C M, we say that E {t, 6) -spans F if for all x G F there is e G F such that 

d{X^{e)X^{x)) <6,yse [0,t]. 

Let rt(F,5) be the smallest cardinality of a (t, 5)-spanning set for F. If F is compact, then 
rt{F,6) is finite. Define 

h{X^\F,5) = limsup - logrs(F, (5). 

S—foo t 

The topological entropy of X^ on F is dehned as 

h{X^\F) = lim/i(X*|F,(I). 

5^0 

Given E,F C M, we say that E {t,'j)-weakly spans F, if for every x G F, there are e G F 
and h G T-Lom(M.,0) such that for every s G [0,t] it holds 

d{X^^^^x),X^{e)) < 6. 

Let Rt{F,j) be the smallest cardinality of a (t, 7 )-weakly spanning set for F, and define 

F(X*|F, 7 ) = limsup jlogFf(F, 7 ). 
t —¥00 ^ 

Define H{X*\F) = lim^^o F(X*|F, 7 ). If F = M we use the notation H{X^\M) = H{X^) 
and h{X^\M) = h{X^). 

In [Xl theorem 10], it is proved that If X^ is a flow without fixed points then H{X^) = h{X^). 

Definition 5.1. We say h{X^) is the topological entropy of the flow X^. 

Next we shall define entropy for pairs (5, T) of 5-adequate cross sections. For this, we start 
defining spanning and separate sets for (5,T). 

Fix a pair (5, T) of ^-adequate cross sections. Given 7 > 0, we say that a set F C Uf=i 
is a {n,'y)-spanning for (<S,T) if for all x G U?=i there exists e G F such that 

di(l}'{x),ef) < 7 ,V i G {0,...,n}. 

Let r'(n,j) be the smallest cardinality of (n, 7 )-spanning sets and dehne 

(3) F'((5,r),7) = limsup-logr'(n, 7 ), ^'((5, T)) = lim F'((<S,T), 7 )- 

n^oo n 7 -S-O 

We say that F C U^=i is a {n^^)-separated if for all x,y ^ E, either yf is not defined 
for some i G {0, ...,n} or there exists i G {0, ...,n} such that 

d{4>\x),yf)>^. 
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Let s'(n, 7 ) be the largest cardinality of (n, 7 )-separated sets and define 

(4) s'(( 5 ,r), 7 ) = limsup-logs'(n, 7 ), s'((5, T)) = lim s'((<S, T), 7 ). 

n-i-oo n 7-i-O 

Lemma 5.2. Let he a without fixed point flow and {S,T) be a pair of 5-adequate cross 
sections for . Then for a// 7 > 0 we have R'{n,^) < s'(n, 7 ) < R'{n, ^). 

Proof. Let E he a largest (n, 7 )-separated set and suppose that is not a (n, 7 )-spanning. Thus 
exists X G Ui=i such that if e G -B then there is i G {0,n} 

difi'ix),ef) > 7 . 

then, E U {x} is a (n, 7 )-separated set, leading to a contradiction. Then 

i?'(n, 7 ) < s'(n, 7 ). 

To prove the other inequality, let E he a (n, 7 )-separated and F be a (n, ^)-spaning set. Then 
Vx G U^=i take g{x) G F such that 

d{(j)fix),g{x)f) < I 

Vi G {0, ...,n}. If g{x) = g{y) x,y,g{x) G Tj for some j G {!,...,/c}, and g{x)f = g{yf. 
Vi G {0, ...,n}. The last statement is easy to proof by induction: if for io < n is true that 
Vi G {0, ...,io} g{x)f = g{y)\ then if 5'(a;)fo+i 7 ^ divYi^+i ou is not defined or is 

not defined, absurd, because 

d( 0 *o(x),(/)*°(y)) < d{(l)'^°{x),g{xfifi) + d{(lL°{y),g{y)f) < 7 . 

Thus, Vi G {0, ...,n} we have 

d{(j)fix),fifiy)) < d{fifix),g{x)f) + d{fifiy),g{x)y) < 7 . 

Since E is (n, ^)-separated and g restricted to E is injective we obtain that ffE < ffF and 
sfinjj) < R'{n, ^), finishing the proof. □ 

Corollary 5.3. H'{{S,T)) = s'((S,r)). 

Definition 5.4. H'{{S,T)) is, by definition, the topological entropy of the d-adequate pair 
of cross sections {S,T). 

Theorem 5.5. Let X* be a flow without fixed points and (<S, T) be a 5-adequate pair of cross 
sections. If H'{S,T) > 0 then h{X^) > 0. 

Proof. Fix (5 > 0 such that s'{{S,T),S) > ^ > 0- Fix n G N, consider E C Ui=i Fi 

maximal (n, 7 )-separated set for (5, T). Since cross at least n cross-sections T/s 

for each x, there is 7 > 7 ' > 0 such that F is a (ne, 7 ')-separated set for the flow XV Thus, 
s'(ne, 7 ', (<S, T) < s(ns,j,X^). Here s'{n£,^',{S,T) is the maximal cardinality of {ne,'y)- 
separated sets of (<S,T) and s(ne, 7 ,X*) is the maximal cardinality of (ne, 7 )-separated sets 
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oiXK Then, 


Therefore, h{X^) 




= limsups(tt,7,X*) 

> limsups(ne,7,X*) 

n—^oo 

> limsup/(ne,7, (<S,T)) 

n^oo 

= ^'(7,(<s,r)) 

2 


lim^^os(7,^*) > 0. 


□ 


6. Entropy for cid-expansive flows 

In this section we prove our main theorem. First we need to prove some technicals results. 

Lemma 6.1. Let X* be a cw-expansive flow with r/ as expansive constant. For all eo G (0, f], 
there is 5o > 0 such that if A ^ Si), x ^ Ar\ lj^=i diam(A) < 5q and if there is 

n > 0 such that 

supjdiam (fl{A, x); i = 1, ..., n} G [sq, 2eo] 

then disin.{(lf‘{A,x)) > do- 

Proof. The proof goes by contradiction. If the thesis fails, there are a sequence {Ai} of 
connected and compact sets in Si, a sequence of points {x^} in Aj U IJ^=i 
increasing sequence {ui} of natural numbers such that: 

(1) diam^j < |, Vi € N; 

(2) sup{diam(j)flAi,Xi)-,i = l,...,ni} e [eo,2eo]; 

( 3 ) diam{(p'^flAi,Xi)) < I. 

By (1), for each i we can choose 0 < < n, so that d\am.{(fl^flA, Xi)) € [eO)2eo]- We will 

prove that 

(5) lim rui = lim (uj — mi) = oo. 

2—>-00 2—>-00 

Fix N > d. By continuity, there is di > 0 such that if x G U^=i y G U^=i satisfy 

d{x,y) < (5i then d{(j)‘^(x), yf) < Eq for all n G {—A^,..., —1,0,1,..., A^}. Take io a natural 
number sufficiently large such that i < <5i. Then for all i > io we have that diam(74j) < di 
and d\am.{4AflAi,Xi) < <5i. Therefore, 

d\aTa{(jfl{Ai,Xi) < Eq and diam.{4P^~\Ai,Xi) < Eq, Vj G {1,...,A^}. 

Thus, mi) > N and Ui — mi > N, and since that take N arbitrary, we proved [5l 

We can assume \\ra.fl^flAi,Xi) B and (/>™’*(xj) x a B. Since diam(B) > e we have 
that B is not degenerate. Fix an arbitrary integer n. Then for i sufficiently big we have 
m, + n G {0, ...,ni}. Therefore, for i sufficiently big, we have diam((/)™'*+”(^j, Xj)) < 2eo- So, 
by [KSl Lemma 2.9], we obtain 

cl>^^+^{Ai,Xi) ^ r{B,x). 

Since n is arbitrary, we obtain that (fA{B,x) < 2eo < V for all n G Z which leads to a 
contradiction to the fact of X^ be ctc-expansive. □ 
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Lemma 6.2. Let be a cw-expansive flow and eg o,nd 5 q as the previous lemma. If A 
C(Ui=i S'i), A n U^=i 7^ 0 such that diamA < Jq for some integer m and x € A 
d\ani<j)^{A) > eq. Then, 

(1) lfm>0 then (iisin.<fA[A,x) > 6 q for all n>m. More precisely, there is a continuum 
B C A, with X G B such that 

sup{diam(/3-^(S,x);j = 1, ...,re} < Eq 

e diam (j)'^ {B, x) = Sq; 

(2) If m < 0 then diam(/)“"'(^, x) > do for all n > —m. More precisely, there is a 
continuum B d A, with x G B such that 

sup{diam(/)“-^(i?,x);j = 1, < eo and diam(f~^{B,x) = Sq. 

Proof. Let m > 0. By [N], there is an arc c : [0,1] —>• Si) from {x} to A such that if 

r < s then c(r) C c(s). Fix n > m. Define a map F : [0,1] —>■ [0, oo] by 

F{r) = sup{diami?!)^(c(r),x); j = 0,1, ...,n}. 

Take tq E [0,1] such that tq E F“^(eo). By Lemma EH 

d\a'ni(IP{A,x) > diam(/)”(c(ro)) > 5o- 

Define D : C'(c(ro)) —[0, oo] by D{C) = diam0"’(C'). Since C'(r(ao)) is connected, D“^((5o) 
is non-empty and therefore, all B G D~^{So) satisfies diam(/>”(B,x) = 5o and 

sup{diam(/)-^(B,x);j = 1, ...,n} < eo- 

Similarly we prove for m < 0. 

□ 

Corollary 6.3. Let be a cw-expansive flow, 5o and Eq as in Lemma EH Then, for each 

7 > 0 there exists N > 0 such that if A C Uf=i « continuum with A n U^=i Ti tb 

and diam^d > 7 , then for all x G An Ui=i either diam^"'(^, x) > <5o for all n > N or 
diam (/)“"■ (A, x) > (5o for all n> N. 

Lemma 6.4. Let X* be a cw-expansive flow and {S, T) be a 5-adequate pair of cross sections. 
If there is a cross section Ti with topological dimension greater than zero, then there exists a 
non degenerated continuum A C Si such that either A G W^{S,T) or A G W'^{S,T). 

Proof. Let C C Tjp be a continuum non degenerated, with diamC < (io- Suppose that any 
C C C continuum in C does not belong to Wf{S,T). Choose a sequence of connected and 
compact sets 

Cl C (72 C ... CCnC ..., 

and a sequence of natural numbers n(l) < n(2) < ..., such that diamCj —>■ 0, Cj —>■ x, x E Cj 
for all i, 

sup{diam(/)^ (Ci);j = 0,1,..., n(i)} < eo 

and diam (Cj) < 60 for all i. We can suppose that (fp^'^\x) —^ xq E Tj^ and (fP^'^\Ci) —)■ 
A G Sjg for some jo E {1,..., k}. So diamX > Jq- Given n E N, |KSl Lemma 2.9] implies that 
(^”'(*)“”'(Ci, x) —)• 4>~'^{Ai,xo), and since {Ci,x) < Eq for all i, d\am.(f~'^{A,XQ) < 

eo. Since n is arbitrary, we obtain A G Wfl{S,T). 

□ 
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Next we give a sketch of the proof of Theorem [Bj Fix (5i > 0 small. Given a (5-adequated 
pair (<S,T) of cross sections, we want to exhibit I E N (independent of (5i) such that for each 
m E N there is a {ml, y)-separated set E for (5,T), with 2™ points. Since the topological 
dimension of M is greater than 1, there is a cross-section Tj with topological dimension greater 
than 0. Lemma EH] implies that there is a compact and connected set A E VF“(<S, T), A C Ti, 
and by Lemma 16.21 we can assume that diamA = y. Fix a natural number m. By Corollary 
16.31 and Lemma 16.21 we can find two connected and compact sets Ai and Aq in c/)^{A,x) such 
that d{Ai,AQ) > and diam(Aj^) = for ii = 0,1. 

We would like to repeat this process with Ai and A 2 . If so, we would find a finite collection 
{{Aui 2 ,...,ij,aii,i 2 ,...,ij)} with ik E {0,1}, and j < m, such that: 

• ^ with compact, connected subsets of 

satisfying 

(5i 

diam(Ai^,...,iJ = — and ^ yi 

• ^n.....L e w:;{S,T). 

Thus, for each we could choose a point b{ii, E Ai^ such that 

• Cj(l) — b{ii, irn) E ^12 , 

• Ci{j) = c{j - 1)^^” E for j <m-l. 

Then the E = € {0,1}, 1 < /c < m} is {mN, y)-separated for the d-adequate pair 

of cross-sections ({r},{S}). In this case, I = N. 

But it is not always possible to repeat the above argument. In fact, for Ai-^ C (|J Sj) \ ((J Tj) 
there are no points in Ai-^ n (J Tj, and so Ai^ n Dom(0) = 0. 

52 53 

SB 

Figure 4. 

To bypass this difficulty, we reason with 3 pairs of d-adequate families of cross-sections: 

{{Bh {S}}), {{tB, }), {Sf}), 

such that for all i E {0,..., k}, T/ = Tf, Tf = S}, Sf = Sf, (observe T/ C Tf 

This strategy leads to consider, besides the first return map (j) above, three other first 
return maps (?!)i, ( 1)2 and (?!)3 relative to the distinct pairs of d-adequate cross sections (<S^,T^), 
( 52 , T^) and (iS^,T^). Further, we shall define an auxiliary map (/? : |JT? —)■ {}Tj such that 
even if Ai^ nDom((/)i) = 0 we get that Ai^ C <^i(^, x) C Dom((/7), and this allow us to continue 
with the argument. 





















18 


ALEXANDER ARBIETO, WELINGTON CORDEIRO AND MARIA JOSE PACIFICO 



MAx) 


Since (<S*,T*), i = 1,2,3 are finite families of compact sets there exists fe € N such that 
for each z € (U'S’j) there is r € { 1 ,...,A:} with <^(^ 4 , 2 ;) = (jf^{A,z). Therefore, reasoning as 
before we hnd a {Im, Y)-separated set for (5^, T^), and in this case we put I = kN. Next we 
formalize this in the proof of our main result. 

Theorem B. If is a cw-expansive flow in compact metric space M with topological di¬ 
mension greater than 1 then the entropy h{X^) of the flow is positive. 

Proof. Take 3 pairs of ^-adequate families of cross-sections 1 < j < 3, 

{V,A) = eTflSie S^} 

such that for all i e {0, ...,k}, Tl = T^, = Sf, S} = Sf, (observe Tl C Sf C Sj). 

For X G Ui=i define ip{x) = X^{x) where t > 0 is the smallest positive time such that 
X^{x) € Observe that t G [ 03 ,e] (where 03 is defined as in ([T]) relative to the third 

pair of (5-adequate cross-sections families). Let 0' be the smallest positive time t such that any 
point a G Uti sf satisfies X04)(a) n U^=i / 0- Note that the segment of orbit 
intersects cross sections of type Tf in at most [^] number of times. Hence ip{x) = 4>\{x) 
for some i G {1,...,[^]} (where (fi is the hrst return map associated to the pair of families 
(T^,5^) of cross-sections). 

Let ei G (0,eo) be such that li x,y G Sf and d{x,y) < si and t is a real number with 
\t\ < [f-] and X^{x) G Tj, then X^{y) G Dfl If x G Tf and y G Sf with d{x,y) < ei define a 
set of points g,..., C 0{y) with y* g = y and y^ ^ = P^(X‘(y^ ;_^)), where t > 0 is the 
smallest positive time such that A{x) = {x)), and I is such that A{x) G Ti- Recall 

that Pp is the projection dehned in ([2]). We can argue as above whenever d{ifi {x),yj) < ei. 
Similarly for j < 0. 

Take (5i G (0,5o) such that if x G \Ji\=iTf and y G UiLi Sf then d{(f)\{x),yf) < Si for all 

* € { 1 ,..., [f-]}. 

By Lemma [6.41 we can suppose that there exists a non degenerated compact and connected 
set A G Wp{S‘^,T^) in some cross section Tf, and by Lemma lR^ we can assume that diam A = 
Let N be given at Corollary [631 Hence if H G U^=i is a compact and connected set with 
ZlnlJiLiR/ 7^ 0, diamZl > then for all x G L> we have maxjdiam(/){(Z1,x); |yj < N} > rj. 
Hence, by Lemma 16.21 and the dehnition of 93 , if H G Wp{S‘^,T^) and diamZl = y, we get 
that for all X G H it holds dlamip^{D, x) > (5i. 
















CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 


19 


Fix m G N and x ^ A. As diamip^{D,x) > (5i, Lemma 16.21 implies that there are two 
connected and compact sets Ai and Aq in if^{A, x) such that d{Ai, Aq) > y and diam(Ajj) = 
y, for ii = 0,1. Choosing G Ajj we get that diam(/j'^(Ajj, and so Lemma 

implies that there are sets Aj^^o and Aj^^i contained in tp^{Ai-^ , Ojj) such that diam(Ajj_j2) = ^ 
and d(Aj^,o,^ii,i) > A,i 2 G {0,1}. 

Continuing this construction, we find a finite collection of sets with 

ik G {0,1}, 1 < j < m, such that: 

• are compact and connected subsets of J with 

diam(Aii,...,iJ = y and > y; 

• GlF“(52,r2). 

For each pick a point b{ii, G Aj^ such that 

• Ci{l) = b{ii, ^ Ai-^^i2! 

• Ci{j) = c{j - G for j < m - 1. 

Claim 1. The set E consisting of all points as above is (m[y]A', y )-separated for 

the (5-adequate pair of families of cross-sections {S?}). 


Proof. Let ^ and k the smallest natural number such that ik 7^ Ik- Then 

ci{k - 1) G and Ci{k - 1) G which implies 

d{ci{k - l),ci{k - 1)) > y. 

Since ci{k - 1) = {bh,...,u) and Ci{k - 1) = (j)f {bh,...,im), for some M G {1,..., [jr]Nk} C 

{1, [-^jNm} the claim follows. 

Now, Claim [T] implies that s'{mN^) > 2™ and so 

»'({r3.S3).|) = 


Thus /;'({T3„S3}) = s'({r3,5s}) 

proof. 

□ 


limsup —log{s'{n, -^)) 

n^oo ^ o 

‘‘AT + l» 


lim sup ■ 


m 


1 


log{2) = —^log{2) > 0. 


m-)-oo mN[fr] + 1 A^[^] 

> 0 and Theorem 15.51 implies that /i(A*) > 0, finishing the 
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